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Introduction

The purpose of this remoir is to treat in the utmost general-

ity the most obvious queueing problems concerning a bundle of s fully

available telephone trunks (or a system of 3 equally accessible counters)

where calls (or customers) arc- tated according to the rule "first come,

first served".

Although being concerned -ith probability problems, we don't

borrow from probability calculus anything but the very notions of proba-

bility, of dependent - independent chance variables and of distribution

functions (d. f.) of one or ac-veral variables. As our methods are exclu-

sively analytical onese emplo .;idely the elementary parts of the theory

of analytical functions of one ecoplex variable.

In general we make the follo ing assumptions:

For all holding times T., and interarival intervals (of success-

ive calls) Yn (nffi,l.,2... the probabilities



are arbitrarily given distribution functions, the only restrictive

hypothesis being the condition

0

As initial condition we suppose that from the instant of

generation of a given cal. (which is denoted as call 0" ) on,
of

there elapse respectively #, ,* *0

units of time, before all ; trunks are free from previously generat-

ed calls.

Then one of our basic results runs as follows. Let C.

be thewaiting timeof he n th call, q ( t> 0)

a complex parameter and IV' (I ryI < I) a complex

variable. The gnerating fumction of the mthemtical expectations

is given by the folloing expression:

1)) .5 .L '. % V+

. I. A,'" As

>o)
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where the functions V. are given by the system of s linear simultane-

ous integral equations 1.

(2) - - ., S " - - -

and the equation

(3) A l,

D4 )

Here Z has to be extended over all ( ) combinations of the
I','. );k

s indices , ". EoX'y) and i() are zespecti.lwy d-

fined by-

0

Wil
[ 

-

"°0
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The functions V (r.IV,,r In I are analytic for

R (, ,) > o

R (, .) > 0
fR(nj) >o

and symmetric in ry, r., i . In all. ntegrl fozrmle similar to

(1) these fAmctions appear only in the form,..$.

MW sYstm of integral equatons (2), (3) can be solve by

a finite number of steps in the follovlng tvo cases:

1. °  rot E, () tia, I.0., - bn the d. f. MO( "is of taw

form

f,(t) - Z 1 ) ' (R..t) ())

being an arbitazw fuaction.



2.0 For e,(,) of the form P±( 4"W i. e. when is a

lattice function with distance ', fa(s1) being rational.

As is known by the theorem of Paul Lhvy, which in the present

case, owing to the fact that T. )O scan be written in a simpler form,

the"(t a3 7j*) L (T <t) can be derived f'rom E e~
by the formula M

?,t , t
More generally generating functions liko

. Ot " E

0>0

ae vays given by fbmuls of the form (1), (2), (3); OILV te rli*t

sides of tUe Integral equati ns (2) arn In every parti ar case to be

odified according to the probles treated.

If .to, 4o2 .. * .fo , that is, if at tbe Inmtant of asnerm-

tion of call 0" all tnmlm an mnecupledp al term an the rIdat silLb

of (1), sa V(o), .isppear, so thet the ta. fbAIA %W,.
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the simpler form I-V. (0).

While all reasoning on this membir is conceived in such a way as is re-

quired for treating the many server problem A> I , our

forulae are valid also for s = 1 .

The methods employed here apply also to all probability prob-

lem arising for a fully available bundle of trunks without waiting de-

vice, i. e., to the calculation of various loss-of-calls probabilities.

CHAPTFl 1. Construction of the Iple-Stieltjes transform

of different distribution functions of waitina times.

In order to calculate the mthematical expectation E c'f

which, by the help of (4i) , yields the 4. f. t(t) we proced as fol-

bus. Let X. (n o,*,..) be the instants of generation of our calls,

so that w,- X4 = Y ( voI,) an

be the last a ends of conver ions asked for before t m Xs

(and - q s having indices < 1n), taken In an arbltrar order.

As there ar a trunks, the vaitlag tU-n of the n th c&l vUi be

Mx ( .e4A) , if this nber Is > 0 , and mere In the

opposite case. WritIng

a+ 0
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we have therefore

(5)

We now use the formla

( o) o)

where the integration paths C,", CA are pa"llels to the imagi-

nary axis, situated to the right of this axis, and traversed from be-

low to above.

This fozmla shall be proven by Induaction. Supposing its

validity for s - 1, we shall show that it is also valid for a ; as it

is valid for s-l, it is true for all a.

•r a - 1, (5) rums as follow:

-im 4J

the Intftgmtm path shall be shifted, while z siug parl*l to It-

self, andeftnitely towuds the zrigt for & S 0 , and tomsvs the left

fobr & >0 . Sua, winee that for ,4(0 this 1A*l Is smo, bat

for d>0 Itisemltothe smof ns,, n =0 andh - ,

tut is to I- e ' a nthis p ovs(5) fbrsam1.

1r 'S 3, wean atit tat a. al4, 4t
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As multifold integrals of this type are absolutely convergent, which

is shown in supplement I, we can treat (5) as an iterated integral.

Proceeding in the same manner as previously, we find that

r+o 0 (a . o)

2 Wi 14t , )v4 - 46 0

Thus for a. 0 formula (5) is evidently right. For

the contribution of the second term to the riit to the reainning

(a - 1) fold integral is 0 because in Pall exponents

ap- are by hypothesis 0 , while In virtue of the first

term the remining (A-I) fold Integral has the ams

form, with(A-1) instead of a,. as the integral (5). M=us, because

for 2>O , ,, 1 f C,,..., (aal) - ,,,ai,, (a,,..., a )
we have trWaMfoiru. (5) Into the analogo s fOrMaIS for 4m,- /

which is true by hypothesis. Tberefore, (5) Is pros for all

in virtu of (5), we get

C, C
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This formula shows in an evident mnmner that -is a Symtric fAMi -

tion of the .

We want to calculate E - = E(" I io,).
The waiting time Z;. is a definite function of the chance variables

** T (holding times) and Y. Y (interarrival intervals

between successive calls) and of the given parameters -t, ) ' ,

which describe the initial conditions at the instant of generation

of call 0". Therefore, replacing in all integral fomilee 7, and Y
I

by the corresponding smll letters, we have

.0 0 00

(7) E (e'Ii. d A ,(~. e1
0 0 a

where e mast be epree by the . according to (6. )

It is easily see that the quantities are eqLp save

for their order, to the quantities

. '. i, . ,-
(8) 0 ,,.,, 0 - Ani"- -

As the mnoers whic , dth are reultive to the cel or

Indces< I. p depend only on the chance variables TY,'~~I

but not onT # and Yo-,we have
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o04h

(9) S~"4~M~) C
0

where e- is given by (6). ViJe substitute for the .# the expres-

sions(8), which shows that (9) is a symetric function of the

and can then perform the. integrations indicated in (9) under the in-

tegral signs by replacing factors of the form e 'k or e

respectively by OD

(10) C,('4) -- tv (t 0.

After these operations we represent (9) as a sm of Fourler

integrals in the real variables , which is done by virtm of

different transformtions explained in supplesnt nI. In the a

manner we can calculate the conditional mthemtical expetation

and represent it as a iu of Fourier Integrals 1n the var able.



Repeating this proess (ft - ) times, we get finally for E( 1  ,
which is the Sbleltjes-Laplace transform, under the given initial

conditions -42' of () -P ( < t) an expression of the fol-

lowing form

I40

-4-4

-i+, -,-, o

aa i t4a tim r t, tm mlavas otf li~m ogn am
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The functions f,\ are defined by the initial conditions and

the recurrence formalae

-,,;,,O

• + a iiiJ,11 1 di

A-1

/1%,

multiplying k,1l) by I , and the last two formulas respectively

by Yit$ and ' and sing, we obtain the fozuala. contained in

the Introduction. These forwae reduce the calculation of jr (i)

essentially to the resolution of the system of eqations (2), (3),

and this problm is treated in chapters IV and V. In a inmner anal-

opus to (4), the composite probabilities

f, e (x p r s s e b y ,) - o f ,. (th e q t T O e x p e c t tiro n

can be exy~msed by mons of th mitbmical expecttons
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I I

Replacing in (11) i, 4. and m' respectively by and4, ft

we have i410

- 0 . Ao.,

In accordance with (13), we miast now mltiply this expres-

sion by e-fu (eq. (6s)) wich is also a Fourier integral in the

same variables t and represent this product as a smm of Fourier

integrals in the A# . This can be done by mans of forzmula (3.25)

of supp.. III. Next we have to carry out the operation

E ( j1,),'see(7) ) which yields an expression of the form (32)

with recurrence formalae of the form (12), the only differee being

that the initial given 1r,% are replaced by other expressions.

Likewlse the generating fumction

f IA%'"
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is given by a sum of integrals of the form (1), with intf grands yX

satisfying (3), and a system of integral equations of the form (2),

although with different right sides.

By the same method more general composite probabilities

such as T" <f T <' or

can also be reduced to the resolution of a system of integral

equations of the form (2), (3).

Chapter 11. Construction of the enerating functions

of different probabilities.

Denoting b3,Lhe probability that, at the instant of generation

of the (ft + a) AL canl, exactly a calls (generated after time X. )

be waiting, the generating functio. z

is represented by means of the function Is) (.L.o

defined and calculated previously.
A

The generating function Z X I) . of the
A)fie se

probabilities tat, at the instant of production of the n th call,

exactly ). oI,..., trunks be occupied Is also calculated. This

problem can be reduced to the resolution of a system of linear equ-

ations diffring from (2) only by their rigtt sides and vith ... dj

replaced by .d.
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CHAPTER III. Problems concerning the distribution of the

Markovian Paraneters .T1eory of the h of Teo Blocking.

The quantities i,, defined in the beginning of Chapter I

can be considered as %rkovian parameters" relative to the instant

X, because they characterize exhaustively all that which the

kn.owledge of events concerning calls generated before the instant X.

can tell us about phenomena which are posterior to X#.

lie have seen previously that min+ , is the waiting time

T. of the n -n call, and have explained our method how to obtain

the distribution function yij) o. ore generally we

can study the distributions of the quantities Z+

which are the symbolic "waiting times" elapsing between X,, and

the instant when at least A trunks of the bundle become free of

conversations asked for before time X6.

By means of our method we reduce the calculation of the senerating

functions of the mthematical expectations (a. e.)

a E(e-y * ,) -( ','",

to the problem of resolution of a system of integral equations anal-

ogo s to (2), (3).



In order to obtain the joint distribution of all s quanti-

ties ftZ~ (P) (..,.VA. it is necessary to calculate the m. e.

We do this by means of a class of three-indices -operators T'"

which we have used already to treat other problems of this kind, and

for the particularities of which we refer to a previous paper (Applica-

tion d' operateurs int.~gro- cozbinatoires dens la thdorie des intdgrales

multiples de Dirichlet", Ann. Inst. H. Puincar,4, v. 3.1, 19119,

P. 113-133). For the calculation of the generating function of the

last mathemtical expectation the formulae (1), (2), (3) remain still

valid. however, the right sides of (2) must be replaced by certain

functions of J, . ,. We treat then the particular case

in which these functions have a particularly simple form.

In the second part of this chapter we generalize the ausump-

tions which were made up to now, in order to be able to take into con-

sideration the so called phenomenon of temporary blocking. This ybsno-

menon due to technical reasons has the folloving effect. Frmthe In-

stant when the n th call is assigned to a non-occupied trunk, this

one and all1 other non-occupied trunks ame blocked during a certain tims
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We consider the quantties a as stochastic variables, stochatical-

l.y indepen~dent of all other vaviaoles 7;kY~ ~ saveTV and assini

that

f ( , e) denoting a giver distribution 1unction of two variables

which is idependent oi T. tau As . the preceding chapters we suppose

that cc

E( T) t ~U~o < 0

By I' we. desigate now thc waiting time imposed an the n th cal

by the sole effect of piiinu,. ,:all3 (of Indices < A ). TO T,.

nust be added the blocking dety OP. , so that the n th gnar-

sation beginls at timeXA 4 + 0* 0 .

The calculation of the E(e l v It.,) is sawimim

complicated than under our pmvio s assmpti(xw. oI" the masmMtilg

fmction of these rathenatical expectations we obtain spin aI s-

uim of the form (1), but the fmctions ax ae nov ditermiaU b a

system of liear equationa, in the left sides of which th, appar

sIqga as yell ss dotb2c defin..te Iztegzsea, while the ri t sim am

eqalto

/-I



Under th'2 rvirtll7Ui~r cpIn 4C )=(~7)()

which imp1.ips that T- v',( .-. st'v.-hastically independent, anid

fa~t) He mt. f-.nloy-d the alxbove mentioned system

o f inte gra. It cuac.,L' t,: It- * o Lz ~ !~'4r.t~t'yV. , to which

reduces ltc~eJY 1:) C^ -0 (in duto

de dl rn,.p~uiidd tet aducor

Ann. In,.*. It. p~i~cLr* . -*. L- 1(3 (P. 6)

CIH~i IT.

that is fo,-t

Ivihen *..-e Ulini::c ..Sticatjes '.rensform 61) r

is a ra~tional . ivx*cuin,, tri, ;intvgrnl equations (2) can be traD-

frmed int i' .inctlrv~. alpx~~ ~iv faft) and its trenrors

PDost.V1Lt, ,he ctu-kv o: tM, rase of srn arbitzray rtional

%v have tr-uiited ir. -his, craplt. r the case of' the simiplest

rationa'-' E(S W' p~ C't )I 1 , () = It in a more thorough

manr otie berp-, tip:". iaf' f- p we have

EW±euo tioLd - I which aiMifies that me have

taken the mean nLclAnj: LtUw. w unity of' tirets.
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Now put 'r (W = I in the integral equations (2). ~

virtue of the properties of the analytic functions

explained in supplement IV the integrands appearing in (2) have then

in the right half plane of the complex variable a unique pole

I- and are 0(11,"I) for R(T) >0 , Ifl- 0
Accordingly the integrals in (2) are equal to the respective residuee

of their integrmnds at ) / , so that these equations are trans-

formed into

(114) CA?

As has already been mntioned, in the simplest case studied in quem-

Ing theory, that Is, When at the Inktant X. of ssratlon of the Iul-

tia3 can 0" all a thimks are non-ocupied so that

equation (1) becoms

. e E.(ei- I cs'",°) v.o

therefore, w ae pricipa;y Interested In the constructio of

A V. (0).
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To that end we have to It in the equation (14) )U " I

(that is, to take aU ry equal to the unique pole of e,()

For the a + 1 functions

(15) -X (A)) V( 4j)4,

we obtain in this manner from (14) and (3) the a + 1 linear non

homogeneous equations

CI - 14(-y] v ) 2 -_ . -

(16) Ewa

A.1

(oVt'f)ne-

Barfore5, V. (4v) amf be expessed A the quotient of two limc-

tions of At , the nonerator depending linearily on the a still

uanknown quantities V () and the denomlnator containing the

factor
(1T) ,= . ' "'/

POsing A) In (16) wptfb the KOO) tine - i

boengenes linear equations

(18) A)] -1 1-)Va,(,) 0

It is easil seew, as a consequence of Flouch6 s theorem,

that forI~ ' the ftaction (I7) has la te rieat half plaw of
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the variable y a unique zero = (k) . Since all functions

V_ (I'., ; q) , and. hence the functions (15), are finite for

R (,) > 0 -,R(t) >, ) R0 ,) , 0 , the aforementioned mmrator

of V, (41) Must also disappear for ,= .(t') and this propert 7 yieA

an s th linear relation which together with equations (18) permits

us to calculate all s quantities . ir Vo(0) we

obtain thus the fom%'-

€ , CE(-" °  =V (0)= ,-- D ', +)
(19)C

'where A# is given by the equation

As

(20)

[ d-
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From (19) we obtain for the generating function F(J) of the distribu-

tion functions 0Mt*) l0) by virtue of equation (i)

One can obtain thus the distribution functions (t)

by developing the right side in a Taylor series, and in accordance with

the present assumption I0 <  -.' , 0 < 0 one sees that in parti-

cular 0 (m "i,,ai

In order to find the limit distribution function

(22) IV() -1- P, ()
M-000

we represent (t) as a complex integral, i. e.,

where K denotes a little circle the center of which is =0.

If fx(l) is such that

there exists a constant ,) > I such that for Idb < f) the zero

op(j) of the expression (17) is a holomorphic function; the saw is

therefore true for IN(j) (equ. (20) and (21) ).
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Therefore, if o (A ) has no zero on the circumference

Iji= I , which is true if the limit (22) exists, we find, extending

K beyond the unit circle, that

and can moreover establish an asymptotic evaluation for the difference

0) - I(0 . Now the existence (with a single exception) of

the limit (22) has been proven, for arbitrary (t) and 4 (t)

by J. Kiefer and J. Wolfowitz. But here we need not resort to this

theorem, for we prove that in the present case

f (Atio) jl,± Icj) ( ,, ..J

so that the existence of the limit (22) is evident.

Also for ±*~() s &(t,

whence ?Lt) a 0 , it is possible to establish asymptotic formaule

for

The end of this chapter contains the constructionI for

E',( of the function V, (,; J,) which appears In (1),

as well as several applications of the last fomulae to the problem

of Chapter II.
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CHAPTER V. Resolution of the integral equations L2), £3)

under different assumptions concerning the Laplace-Stleltjes transform

and Ea(T.

The first of the two cases, mentioned in the introduction,

in which the equations (2), (3) can be resolved by means of a finite

number of steps, is outlined under the assumption

a;if

that is for

(23) a! -I

Proceeding in the sam manner as on the occasion of the de-

duction of equation (i4), we can replace then all integrals in (2) by

the si of the respective residues of their integnds in S f.

Thus these integral equations are transformed into functional equatiam,

the method of solution of which is explained in detail for s - 2 and

outlined for arbitrary s . In order to construct V. (41)

for a - 2 , it is necessary to calculate a certain determinant

ienhere for n - 2 and n =3 ) and to determine those
Ca

rootsA~(#) (i~" ~of the eq~tion

Dr, s) =0,
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which for sufficiently small In1 are situated in the right Y-half-

plane.

When the numbers 1,i) are all different, the limit distri-

bution function "h1 'M(*) = (*) is of the form

I 27dj'e (t >0 )A=a,)>±'8
-7 =

For every s ,the appearing in (2), (3) are, under

the present assumptions, rational functions of &t and C(- ).

The second case in which the equations (2), (3) can be resol-

ved by means of a finite number of operations, is studied under the as-

sumptions
r^ r0061

(24)

The method of resolution of (2), (3) is explained in detail for a a 2

and then outlined for arbitrary s ; in every case the VWare ration-

al functions of y. In order to construct Va (1)

for s a 2 , It is necessary to calculate those m(r o) zeros it

of another determinant function DoM(j,-,) (given herm for n - 1, 2, 3)
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which for sufficiently small Ic1 are situated in the left y - halfplane.

Finally we s-pippose that from the initial instant Xo an enormous

number of calls is generated. Then, of course, ..L ff, W&t 0 (t >)

but we nevertheless study this case in order to be able to establish for

asymptotic expressions for rA --* 00.

Our suppositions c-a test be rendered by assuming that

(25) f(*)=0 = I (k>6)5j 04r L(O_ Ca(M

Then the form of the integral eqiations (2) as well as the theory of

their resolution "Andfr bcti tir "Y)t±eses for f (0) treated in this chap-

ter is considerbly simplif.Ad. ';e rind that. for an ,(C() according

to (23) as well as inaer -be hypotheses (24), our integral equations

can be resolved by xesolving several systems of linear algebraic equa-

tions, without having to resort. to certain solutions of transcendental

equations.

In order not. to interrpt. too often the exposition of our

theory, several demontration, have been placed at the end of this -oLr

(supplements S1 - S7).


